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Abstract In this paper, we obtain the uniqueness of general codimension Dirichlet
problem for minimal surface system in restricted classes. The condition is in terms
of singular values and in particular covers the classical hypersurface case and earlier
results in higher codimension. To prove the uniqueness result, a natural way is to
consider the geodesic homotopy of two solutions. However, the singular values for
linear combination of maps are not clear. We apply majorization techniques from
convex optimisation to overcome the difficulties.

1 Introduction

Let f = (f',..., f™) : Q C R" — R” be a C? vector-valued function. We say that
f is a solution of the minimal surface system with boundary data ¢ if

n

9 "N _ 0 foreacha = 1 Q
ZIW Jgg a7 )= oreacha =1,...,m, on
L, ]=

f=¢ onoiQ, (L.1)

where g;; = 6;; + D %% and gi-/ is the inverse matrix of (g;;).
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122 Y.-I. Lee et al.

Lawson and Osserman studied minimal surface system (1.1) in high codimension
in [2]. Unlike in the codimension one case, they showed that higher codimension
Dirichlet problem for minimal surface system does not necessarily have existence,
uniqueness, stability and regularity results. In particular, Lawson and Osserman con-
structed counter examples for both stability and uniqueness for the case n = m = 2.

Higher codimension stability and uniqueness problems for minimal surface sys-
tem were studied in [4,5] by Lee and Wang in a general Riemannian setting. In [5],
Lee and Wang derived the second variational formula for area functional in terms of
singular values of the graph function, and found several criteria for the stability of
the minimal surface system in terms of singular values. Specifically, they proved that
distance decreasing condition or a condition on the 2-Jacobian will imply the stabil-
ity of minimal graph. The results included the classical case that every codimension
one minimal graph is stable. Moreover, they were able to obtain uniqueness result of
minimal graph of distance decreasing map.

Along the same approach, Lee-Tsui [3] further investigated the stability problem
by studying convexity of the area functional A, where

1_[(1+xl.2) on RLo:={(x1,....x0) x>0}  (1.2)

i=1

Ay, ..., x,) =

They showed that

Theorem A [3, Theorem4.1] Let M, N be Riemannian manifolds and ¥ be the graph
ofamap f : M — N. Suppose that N has non-positive sectional curvature and ¥ is
minimal in M x N. Then X is stable if

AMhj <1 forl<i#j<n (1.3)
and
[T(1-2)+ 3 (1-33) - (1=22) 2 (1=32,,) - (1-22) =0
i=1 i=1
(1.4)

where A; > 0 are the singular values of df.

Note that the conditions of (1.3) and (1.4) are equivalent to the convexity of the area
functional 4. Theorem A recovered the stability result in [5] for distance decreasing
case, and also implied new stability results for the cases

@ [[a+rh <4 or

i=1
(b) Airj] =

1
forl <i #j <n,
Jp—1

where p = rank df. The case (b) generalises a result in [5].
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Uniqueness of Minimal Graph in General Codimension 123

A natural question to ask is whether these stability results can lead to some unique-
ness theorems on the minimal surface system in general codimension. This problem
is not addressed in Lee-Tsui’s paper and is the main goal of our paper.

Denote ¢ = min{n, m} and M to be the subset in RZO that satisfies the strict
conditions of (1.3) and (1.4), i.e. B

xixj <1 forl <i#j<gq (1.5)
and
(=) + 3 (=) (1= )2 (1= 2 ) (1= 2) =
i=1 i=1
(1.6)

The strict convexity of the functional A is equivalent to the singular values that lie in
the set M.
We need a definition before stating , our main theorem.

Definition 1.1 A subset A C R”" is said to be symmetric if it satisfies the property:
Given any (x1,...,x,) € A we have (Xz(1),...,Xzu)) € A for any permutation
function 7 of 1 to n.

We prove in this paper the following theorem,

Theorem (Theorem 3.1) Assume the graphs of fo : Q € M" — R™ and f] : Q C
M" — R™ are both minimal submanifolds in M x R with the same boundary data.
If both the singular value vectors of fo and f1 lie in a symmetric convex subset of M,

then fo = f1.

An extension of the theorem to non-flat target space is obtained in Theorem 5.2.
In Sect. 4, we give several explicit symmetric convex subsets and obtain uniqueness
results in these situations. It in particular includes the classical hypersurface case, an
optimal result for two dimensional surface or codimensional two case, the class of
distance decreasing maps, the class satisfying {]_[;-’=1 1+ )\iz) < 4}, and some other
cases.

To prove this theorem, it is natural to consider the geodesic homotopy of two
solutions and show that the area functional is convex along the homotopy. However, the
convexity property we have is in terms of singular values of the map and it is not clear
whether the geodesic homotopy of two convex critical points of the area functional still
satisfies the convex condition. We overcome the difficulties by applying majorization
techniques in convex optimisation to find suitable conditions. Note that in [5], they use
the convexity of Jacobi field to control the singular values, but the method only works
for distance decreasing case. We give a generalisation of the approach in Theorem 5.2.

The proof of the Theorem 3.1 consists of two parts. The first part is to show the
convexity along the geodesic homotopy. Two key lemmas in weak majorization by Ky
Fan [1] and Mirsky [6], respectively, will play important roles in this paper. Specifically
we show that if the singular value vectors of two matrices lie in a certain symmetric
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124 Y.-I. Lee et al.

convex set, then the singular values vector of their matrices convex combination will
lie in a bigger convex set. The second part is on the uniqueness. It involves estimates
on the second variational formula of the area functional.

This paper is organised as follows: Sect. 2 will give a brief introduction on singular
value decomposition and the concept of majorization. We then state lemma 2.2 and
lemma 2.3 that are essential for the Theorem 3.1. Section 3 will be dedicated to prove
the main theorem. In Sect. 4, we give some applications of the theorem by giving
new explicit examples of convex set for the uniqueness results. The last section will
consider uniqueness result in a more general Riemannian manifold.

2 Preliminary

In this section, we recall some notation and formulae that will be used later.

2.1 Singular Value Decomposition

Suppose that (M, g) and (N, h) are two Riemannian manifolds with dimension n
and m, respectively. Let f be a smooth map from (M, g) to (N, k), and df be the
differential of f. We can define its adjoint (df) " via the metric,

(@f)T (), w)g = (v, df ()i

forweTM,veTN.

The graph of f is an embedded submanifold ¥ in the product manifold M x N.
Denote the projectionsby 7y : M x N — M andm : M x N — N.For simplicity, we
still denote the differentials by 71 : T,(M x N) — T (pyM andmp : T,(M x N) —
Tr,(pyN atany point p € M x N.

Let {%; > 0} be the eigenvalue of \/(df) T df which will be referred as singular
values of df or f. Fix any point p € X, and let r = rank df (p). We can rearrange
them so that A; = O for i > r + 1. Then singular value decomposition tells us that
there exist orthonormal bases {a;};=1..., for Ty, (p)M and {b; };=1...m, for T,y N such
that

Moreover,

V127

L_(ai+xmbi) 1<i<r
e =
a; r<i<n
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Uniqueness of Minimal Graph in General Codimension 125

becomes an orthonormal basis for the tangent space 7, X and

1l o
en—&-a::m(ba hate) l=a=r

by r<a<m

becomes an orthonormal basis for the normal space N, X.
It is obvious that r < g := min{n, m}.

2.2 Weak Majorization

To control the singular values of the linear combination of two matrices, we will need
the notion of weak majorization that is defined here.

Definition 2.1 Let x, y € R" , we say that x is weakly majorized by y , denoted by
X <y y,if

k k
Zx}nyii k=1,2,...,.n
i=1 i=1

where {xl.i} is a rearrangement of {x;} in descending order, i.e. xli > .. > x,f .

n

For a fixed y € RZ ), consider the set W(y) := {x € R, : x <y y}. And define
E(y) to be the set of vectors in R” consisting of all (§1yx(1), - . ., 8p Yz (n)) Where each
d; takes the values of 0 or 1, and r is a permutation of 1, ..., n. So there are at most
2"n! elements in E(y). The relation between W (y) and E(y) is given by Mirsky [6]
as follows:

Lemma 2.2 [6, Theorem 6] The set W (y) is the convex hull of the E (y)

For A, B € My, «m, there is a relation for the singular values A of A, B and A + B
in term of majorization by Ky Fan [1].

Lemma 2.3 [1, Theorem 5] For any A, B € M, «,, we have A(A + B) <, A(A) +
M(B), where A(A) = (A1, ..., Ay) is the vector that consists of singular values of A.
Because A; = 0 fori > q = min{n, m}, we can rewrite .(A) = (A1, ..., Ay) instead.

For completeness, we give a simple proof of Lemma 2.3.

n
AT Op
0, and 0,, represent the n x n zero matrix and m X m zero matrix, respectively. We
denote the singular values of A as 0 < A; < --- < A; where ¢ = min{n, m}. Since
A is symmetric, A can be diagonalized. It can be shown that the eigenvalues of A are
exactly A;, —A; fori = 1, 2.., ¢ and additional |m — n| zero eigenvalues. Assuming
n > m, we in fact have the following relation by simple computation,

. . . 0, A
Proof Let A € Myxn, and consider its augmented matrix 4 = |: i|, where

detpsm — A) = A" det (ﬂln _ AAT) .
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126 Y.-I. Lee et al.

Thus, finding the sum of k-largest singular values of A is equivalent to finding the sum
of k-largest eigenvalues of .4. The sum of k-largest eigenvalues of A is equal to

k k
Z)‘i - max|:1 Zl vlTAvi = max tr (VTAV) ,
=

rt viLvj,|v; vTv=I

where v; € Myymyx1 and V. € My myxk. Given A, B € M,y,,, we have the
corresponding augmented matrices A, B € M,,1,, and moreover,

k
> xi(A+B) = max tr(VT(.A—l—B)V)
i=1

VTv=I
< max tr(VTAV)+ max t(VTBV)
vTv=I vTv=I

k k
> Ai(A)+ D A (B).
i=1 i=1

3 Proof of Main theorem

In this section, we will prove the main theorem

Theorem 3.1 Suppose the graph of fo : @ C M" — R" and f; : Q C M" — R"
are both minimal submanifolds in M x R™ with folaq = filaq. If both the singular
value vectors of fo and f| lie in a symmetric convex subset C of M, then fy = f}.

Define f;(x) := tf1(x) 4+ (1 — 1) fo(x) to be the geodesic homotopy joining fj and
f1. Fixing a point p €  C M", denote df1|, and dfy|, by m x n matrices A and B,
respectively. The condition of the theorem says that the singular value vectors of A, B
satisfy A(A), A(B) € C, where L(A) := (A1(A), ..., Ay(A)) and ¢ = min{n, m} is
the singular value vector of A. Since df; = tdf1 + (1 — t)dfo, to proceed the proof
of the theorem we first need the following lemma

Lemma 3.2 Let A, B € M,,x,, and their singular value vectors lie in a symmetric
convex subset C of M, i.e. A(A), \(B) € C. Then A(tA + (1 — t)B) € M for any
t €[0,1].

Proof Lemma?2.3tellsusthat A(tA+(1—1)B) <y tA(A)+(1—1)A(B), where we use
the factthat A(tA) = tA(A) forany r > 0. Lemma 2.2 gives a characterisation of weak
majorization set that A (t A+ (1—17) B) lies in the convex hull of E(tA(A)+(1—1)A(B)).

Claim If x = (x1,x2,...,xy) € M, thenx' = (xi,xé,...,x,;) € M for any
0<x/<x;,i=12,...,4q.

Fix i and we only need to consider the case where x; = x; forall k # i. We can use
induction for the general case. Let xi’ = tx; forsome t € [0, 1]. Forx € M, condition
(1.5) is clearly preserved since if x;x; < 1 thentx;x; < 1forany ¢ € [0, 1]. To check
whether (1.6) is preserved, rewrite the expression (1.6) as

@ Springer



Uniqueness of Minimal Graph in General Codimension 127

q

[T =a7)+ > (1=ad) - (1= )P (1= ) - (1 %2)

=1 =1

:(1_)(12)...(1/_\)6[2)...(1_)63)

q
+ Z (1—x12>---<1—x12_1)x12 (1—x12+1)~-~(1—x§)
I=1,1#i
::P+<1—xi2) 0,

where we denote (1 —x7)Q = Zle‘l#i(l—xf) e (=x (I =xFy) -+ (1—x7)

and P = (1 —xp)---(1=x}) - (1 —x).

Since x € M, the above expression is positive. If P < 0, then (1 — xl.2)Q >0
and there exists k # i such that x; > 1. Because x;x; < 1, it implies x; < 1.
Therefore Q > 0 and (1 — tle.z)Q > (11— xl.z)Q > 0 for ¢t € [0, 1]. It follows that
P+ (- tzxiz)Q > 0 and (1.6) holds. If P > 0, then the condition xzx; < 1 for any
k # 1 gives x; < 1 for all k£ # i which implies Q > 0. Hence P + (1 — tzxiz)Q >
P+ (1—x»Q > 0fort € [0, 1] and the claim is proved.

Next we show that the convex hull of E(tA(A) + (1 — t)A(B)) lies in M. Denote
7z =1tMA)+ (1 —1)A(B) € C. Since C is a symmetric convex subset in M, the convex
hull containing z and all permutation of coordinate of z must lie in C and hence in M.
The convex hull of E(z), by definition, is exactly all the possible convex combination
of any points of the form (8127 (1), ..., 8¢2r(q)) Where §; =0or 1,z = (z1,...,24)
and 7 is a permutation. We will show that the convex combination of any points of the
form (812 (1), - - - » 042r(¢)) must lie in M. This will imply the convex hull is contained
in M. Let pl, ...,pk be any k points of the form (8121, ..., 842r(g)), and let
]31, e, ﬁk be the corresponding points with all §; = 1, so we have that [31, R ﬁk S
C. Consider any convex combination of pl, R pk, i.e. ZI;‘:I ajpf, where a; > 0
and ZI;: 1 @; = 1. By convexity and symmetry of C, the point 21;21 aj P/ must lie
in C. Writing Z?:l ajp/ = (d,...,a) and ZI;=1 a;pl = (ai,...,aq), we can
check that 0 < a; < g; for alli. Hence Z';zl o p! € M by the claim, and the convex

hull of E(z) lies in M. It thus concludes A(tA + (1 —t)B) € M forany ¢ € [0, 1].
m}

We will show how uniqueness is obtained by analysing the second variational
formula of area functional.

Proof of Main Theorem From the hypothesis, the singular value vectors of fo and f}
lie in a symmetric convex subset C of M, then Lemma 3.2 implies A(df;) € M for
t € [0, 1]. From [5, Theorem 4.1, Eq. (4.2)], we obtain the inequality for the second
variational of area as
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128 Y.-I. Lee et al.

(Varan V., bi
dtz /Z +)L2 df @) )?

Aik
+) e (Var@)V.bi)(VagapV. b))
= (1+29) 1+,\2.
i#] Jj

[ ¥

7 (1+22) (1 +22)

(VarwanV, bj>2

Aidj
- Z 5 5 (Var@)Vs0j)(VafapV, bi),
2 (1+23) (1422)
where V = %’;’ is the variational vector field and «;, b; are defined as in Sect. 2 to be
the orthonormal basis of pointwise singular values decomposition. Note that we have
2

chosen f; as geodesic homotopy so that Vy V = (%)T = 0 holds for any ¢ € [0, 1].

Denote the above first two terms of the integrand as I, last two terms of the integrand

by Il and p;; := (Vg V, b;). First note that I > 0 if and only if A = [T, 1+

)»1.2)% = ]_[?:1 (1+ )Ll.z)% is strictly convex [3, Lemma 3.1]. Here we use that fact that

A; = 0fori > g = min{n, m} By collecting terms and factorising, II can be expressed
as

— 1 2
=30 — (Uil = 1pjal) +21 = 22l pis 1 i
iz (14217) (1 +Aj>

+ 2% (U pijllpjil — pijpji)) -

Since A(df;) € M, this implies A = ]_[ I+ AZ)Z is strictly convex and both
I, IT > 0. We can conclude that

d*A

ﬁ=/I+IIZO forany ¢t € [0, 1]
Q

Moreover the condition that fy and fi are minimal maps tells us %If:o =0=

It 1. Combining these two 1mphes = 0 for all + € [0, 1]. Hence I=I1=0,

dt 2
forcrng all p;; = 0 forany i, j, and d{t = V is a parallel vector field. As fy = f1 on
the boundary, we thus have V = 0 on @ and hence fy = fi. O
4 Application

In this section, we discuss applications of our main theorem. First note that for the
hypersurface case ¢ = min{n, m} = 1, and M = Rx(. Thus we have

Corollary 4.1 Assume m = 1 and the graphs of foandf| are both minimal subman-
ifolds in M x R with same boundary data. Then we have fy = fi.

@ Springer



Uniqueness of Minimal Graph in General Codimension 129

The next situation when ¢ = 2, i.e. n = 2 or m = 2, the two- dimensional or
codimension two minimal surfaces, we have M = {A{A2 < 1}. The tangent line to
the point (1, 1) is A; + > = 2. Hence the largest possible symmetric convex set in
M can be described as A1 + Ay < 2, and we have

Corollary 4.2 Assume min{n, m} = 2. Suppose the graphs of foandf are both
minimal submanifolds in M x R™ with same boundary data and the singular values

of foandf satisfy A + Ay < 2, then fy = fi.

For ¢ = min{n, m} > 2, a natural attempt would be to consider the intersection
of A; + 1 < 2fori # j and (1.6). However, the intersection is not a convex set
in M because of (1.6). We can consider the intersection of A; + 1; < 2,7 # j
and Zf’zl Ai < 2 4 o instead, where o >~ 0.568 is the root of the cubic equation
213 — 6t> + t 4+ 1 = 0. Then by Lagrangian Multiplier method, we can prove that it
is a symmetric convex set in M and obtain the uniqueness result. In fact, the upper
bound 2 + « is the best constant in the sense that any larger upper bound will give
a counterexample to (1.6). In the next corollary, we give a weaker but a more clean
condition. The proof for the above claim is similar.

Corollary 4.3 Suppose the graphs of foandf are both minimal submanifolds in
M x R™ with same boundary data and the singular values of foandf satisfy *1 +
-+ Ay <2, where g = min{n, m}, then fo = f1.

Proof Let § = {A : Ap +--- + A4 < 2} . Clearly this set is symmetric and is convex.
It remains to show that § lies in M. Firstly, for any A € S, we have 2 > A; +4; >
2,/Aikj, so it satisfies (1.5). To check (1.6), we shall prove it via induction. Denote

Fq(,\],...,,\q)zl_[(l—,\f)

i=1

+Z(1_’\%>"'<1_)\’2*1>)"'2(1_’\’2+1>"'(1_k121>-

i=1
“4.1)

For g = 2, we have Fo(A1, A2) =1 — )\%A% > 0. Assume that F,_; > O is true. The
condition A;A; < 1 for any i # j tells us that at most one A; can be greater or equal
to 1. If all A; < 1 then trivially F;, > 0. So WLOG we only need to consider the case
0<Xiy <--- <X <1 <A If Ay = 0then by induction F;, > 0, so we can assume
Ag > 0. Condition (1.6) or equivalently F; > 0 can be rewritten as

.2 1 “2)
—<—

> 7 <3 :

o 1= M-l
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130 Y.-I. Lee et al.

Since we have (A1 + Ay) + A2 + -+ + X471 < 2, using induction on A; +
Ags A2, ..., Ag—1, it follows that

a2 1
Z 7 < 2 _ 1"
= 1 —)\.k ()Ll +)\q) -1

Therefore by adding extra term on both sides, we get

Py 1 iy
< 5 + 7
1—22  Gu+2r)?—1 1-22

M=

(4.3)
k=2

We wish to show that RHS of Eq. (4.3) is less than ﬁ or equivalently
2

242
1 1322

mtrg)—1 (1-22)(3-1)

= a2 (M +2g)? < 2hikg (hidg +1).

But the last inequality follows from Ay, A; > 0, 41 + 14 < 2 and A1A, < 1 because
Mg (M 4 4g)" < 4hihg <2 (hing +1).

Hence we have shown that § C M and our main theorem can be applied. O

Next we continue to give various different symmetric convex sets in M and obtain
uniqueness results in these situations. None of these sets is a proper subset of another
as discussed in Remark 4.7.

Observe that the set of distance decreasing map, i.e. each singular value is less than
one, is a symmetric convex set in M. Hence we have the following.

Corollary 4.4 Suppose the graphs of foandf| are both minimal submanifolds in
M xR™ with same boundary data and the maps are distance decreasing, then fo = f1.

The next example comes from [3]. From the proof of Theorem 4.6 in [3], they
have basically shown that the area functional ,/ ]_[?:1 1+ Al.z) is strictly convex in the

sublevel set /T [7_; (1 + A7) < 2. Thisimplies that the sublevel set [T/_, (1+17) < 4,

is convex and is a subset of M. Thus we obtain the following uniqueness result.

Corollary 4.5 Suppose the graphs of foandf| are both minimal submanifolds in
M x R™ with same boundary data and the singular values of fo and f1 satisfy
iq:l(l + Xl.z) < 4, where ¢ = min{n, m}, then fy = fi.

Lastly, we show that a ball of radius +/2 is the largest possible ball centred at origin

and lying in M. It can be deduced easily from the condition A;A; < 1 that V2 is the
best constant.
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Uniqueness of Minimal Graph in General Codimension 131

Corollary 4.6 Suppose the graphs of foandfi are both minimal submanifolds in
M x R™ with same boundary data and their singular values satisfy Z?zl )»12 < 2,
where g = min{n, m}, then fo = fi.

Proof We use similar induction idea as in the proof of Corollary 4.3. First note that the
2 2

set {A (YA < 2} satisfies A;A; < —— < 1 forany i # j. This set is clearly
symmetric and convex. Assume that F,_; > 0 is true. We only need to consider the
case 0 < Ay < --- < A2 < 1 < Aj. Using induction on ,/A%—I—AS,AZ,...,AC[_L
which satisfies 2?21 Al.z < 2, then by induction hypothesis,

- 1

—2 " 2
= TR (H3ea) -

adding extra term on both sides we get

Eq M ! + &l (4.4)
<
2 2 2° :
== A A1+/\§—1 1-27

We wish to show that RHS of Eq. (4.4) is less than ﬁ or equivalently
-

1 1 —Afrg
)\2+)»2—1< 1—22) (2 -1
1 q — g (1_ )

= b2 (1 +a2) <2d

which is clearly true. O

Remark 4.7 Denote

A={AMr<l,i=1,...,q9}

q
B = A|ZA,~ < 2}
i=1

q
C = ,\|]"[(1+x?)<4}

i=1

q
D= A|Zx§<2}.
i=1

We take ¢ = 3 as an example to show that the above sets do not contain each other.
Let € > 0 be a small number, then we can check the following

M x=0—-€1—¢,1—€)ecAbut¢ B,C, D.
2) x=Q2—¢€,€¢/3,¢/3) e B,but¢ A,C, D.
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132 Y.-I. Lee et al.

(3) x = (V3 —¢€,/€/3,/€/3) € C,but ¢ A, D while
x=WVE—1—eJIA—1-eJIJd—1—¢€) e C, but¢ B.
(4) x = (/1T —=2€,T—2¢,+/3€) € D, but ¢ B, C whereas
x = (2 —¢€,./€/2,/€/2) € D,but ¢ A.

5 Uniqueness Results in General Riemannian Manifold

In this section, we discuss a generalisation of the uniqueness result when N has non-
positive sectional curvature.

Suppose fo and f| are homotopic. Then we can lift the homotopy map of fyandfi
to the universal covering of N. By Hadamard theorem, the universal covering of N is
diffeomorphic to R™ and hence there exists a unique geodesic connecting the lifting
fo(x) and fl (x). Denote the projection of this unique geodesic onto N by v, () and
define f;(x) 1= yx(2). A A

Fix a point p € M with an orthonormal basis {%}, then J; ,(¢) := th(%) is
a Jacobi field. It can be checked that || J; ,(#) |2 is a convex function of ¢ (refer to [5,
Equation (3.3)]) and hence so is ) i, [|/;, ,,(t)||2. The convexity of this function is
essential in the proof of uniqueness of minimal graph in [5] in order to control the
singular values of the homotopy map f;.

On the other hand, we prove in the following lemma the relation Y _"_, || J;, POl 2=
p )L? where A; are the singular values of Df;(p).

n n
Lemma 5.1 Y ||, ,(0)]> = Y A7
Proof l l

iX;‘uJ,-,p(mF = an<uf, (a%) Df, (%»
<

= Z<(Df,)TDf, Zcijaj ,Zcijaj>
J J

i=1

n n
_ I,
=D clnid

i=1 j=1
n

= lez
i=1

where {q;} is the singular value basis for Df;(p) corresponding to {A;} and > j (clj )?
=1 o

Using this lemma, we are able to generalise Corollary 4.6 as follows.
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Uniqueness of Minimal Graph in General Codimension 133

Theorem 5.2 Assume N has non-positive sectional curvature. Suppose the graphs of
fo and f1 are both minimal submanifolds in M x N with the same boundary data. If
fo and f1 are homotopic and their singular values satisfy Z?:l Al.z < 2, then fy = f1.

Proof From the lemma, we know that Y/, A? can be represented as sum of square of
Jacobi fields which is a convex function of ¢. Since both fjy and f; satisfy Z?:] Al.z <
2, convexity tells us that the singular values of f; for any r € (0, 1) also satisfy

?:1 kl.z < 2,i.e. A(df;) € M forany t € [0, 1]. Following the same proof as in our

main theorem, we obtain V = 0 where V = % and hence the uniqueness result is

achieved. O
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