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Abstract

We study the existence of higher codimension minimal submanifold with isolated
singularity but is not a cone. We generalize the fix point method in Caffarelli et al.
(Manuscripta Math 48(1-3):1-18, 1984) to higher codimension setting and show the
existence of non-conical higher codimension minimal submanifold (with boundary)
with isolated singularity.
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1 Introduction
The study of singularity of higher codimension minimal submanifold is an impor-
tant research field in differential geometry. In this article, we shall focus on minimal
submanifold with isolated singularity. One important example is Lawson-Osserman
minimal cone constructed in [7]. Lawson-Osserman constructed it using Hopf map
n:S c C?>— S? c R x C which is given by

Nz, 22) = (121 = |22, 22122)
and the corresponding minimal cone is

(2x/3,V5n(x)/3) e R* x R? : ||Ix| = 1}  S° 1)

A calibration argument by Harvey—Lawson says that this minimal cone is a coassocia-
tive submanifold which implies thatitis area-minimizing [5]. Recently, by generalizing
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the anszats in (1) to more general harmonic map instead of Hopf map, Xu-Yang-Zhang
are able to construct countably many distinct higher codimension minimal cone [15] .
Furthermore in some cases, they are able to perturb the cone to produce smooth entire
minimal submanifold with the minimal cone as the tangent cone at infinity.

A general way to obtain minimal submanifold with isolated singularity in Euclidean
space is to consider the cone over a minimal submanifold in sphere. Let M"~! be a
smooth embedded minimal submanifold of S"t¥~! which is non-totally geodesic. We
define its cone to be

C=CM):={tx:t>0,x e M}

which is singular only at the origin. It is well known that C is minimal in R"** if and
only if M is minimal in S"T%~!. A classical example of this construction is the Simon
cone C,, , which is a cone over minimal hypersurface M, ;, in SP+9+! [8], where we
define for p,q € Z7,

Mp,q:=8p< P xSq< L)
P+q P+q

and
Cpqg =CMp,)

Minimal cone is a very important geometric model in analyzing the singularity of a
minimal submanifold. In the context of Geometric measure theory, the regularity of
codimension one area-minimizing current tells us that the Hausdorff dimension of the
singular set of an area-minimizing n-current is at most n — 7, where n is dimension
of the minimizing current (see for example Chapter 7 of [9]). An immediate conse-
quence of this regularity theory is any area-minimizing hyper-current of dimension
6 or less must be smooth. The Simon cone C3 3 defined above for p = g = 3 is
known to be an example of area-minimizing current with isolated singularity in R®
by Bombieri-Giorgi-Giusti [2]. One can now ask the question if the singular set of a
minimizing current has Hausdorff dimension 0O, or equivalently when the singularities
are isolated, what are the possible example other than the cone. In [3], Caffarelli-
Hardt-Simon answered this by constructing minimal hypersurface (with boundary)
with isolated singularities but which is not a minimal cone. They study an operator
called the mean curvature operator defined on a truncated minimal cone and use per-
turbation of eigenfuntions of its linearized operator to produce singular solution for a
non-linear PDE. If furthermore we know that the cone is strictly minimizing (a condi-
tion defined in [6] which is stronger than minimizing current ), then the perturbation
is minimizing as well [6]. Later on, Smale generalizes Caffarelli-Hardt-Simon’s con-
struction and produces new examples of minimal hypersurfaces with more than one
isolated singularities [11-13].

In higher codimension, the regularity theory of Almgren tells us that the singular sets
of area minimizing current has Hausdorff dimension at most n — 2 [1]. We can still ask
the same question whether there is any example of minimal submanifold with isolated

@ Springer



Higher Codimension Minimal Submanifold... Page3of30 164

singularities but is not a cone. Indeed we show that Caffarelli-Hardt-Simon result can
be generalized to higher codimension, that is we can construct higher codimension
minimal submanifold with isolated singularity but is not a minimal cone. At the end
of their paper, although Caffarelli-Hardt-Simon [3] did mention that their method can
be generalized to higher codimension but no clear argument is provided. We shall
attempt to write down a proof in the higher codimension case.

We first introduce some notation and background for this problem. Let C be n-
dimension cone in R with vertex at the origin, this means

AMC =C, forallA >0
Consider G (C) a graph over C w.r.tamap @ : C — NC i.e.
Go(C) :={x+®(x):x e C} Cc R

where NC is normal bundle of C. Such G¢(C) is also called a perturbation of the
cone C in R 1k,

Let V : I(TC) x R — R"™k and VL : I'(TC) x I'(NC) — T'(NC) be the
Euclidean connection and the normal connection on C respectively. We also denote
Hg (®) as the mean curvature vector of G (C). The question that we are interested
in is what @ can give us Hg(®) = 0 while also satisfying G (C) not a cone. Recall
that Hg (®) is a section of normal bundle of G¢(C), so we cannot view Hg(.) as an
operator from on I'(NC) to I'(NC). Instead, we consider the projection of Hg (D)
onto the NC which we denote it as the mean curvature operator Mg (D),

Mg (®) := Hg (®)"Ne
If furthermore we know that C is a minimal and C! norm of ® is small i.e.
|®/r] <1, |Vi®| <1,
then by Taylor expansion, Mg (®) can be written as (see [3, 11]),

Mg(®) = AT® + Y (D, Ajj)Ajj + Q(®/r, VED, (V1) D) (2)
ij

where A;; = Veiie j is second fundamental form on C w.r.t some orthonormal basis
{e;}, A+ = i Vjiveli—v(lvciefﬂ is the normal laplacian, r = |x| withx € C c R*tK
and Q is higher order term. For any unit vector V € NC, we can view the higher
order term QY := (Q, V) as a polynomial QY (w/r, z, p) with w € R*, 7 € R
and p € RN where N = n + k. QY has the properties that it is at least quadratic,
and is linear in p. Moreover it satisfies

1
10V SM(;(Iw/rlerlzlz)Jr(lw/rl+|z|)lp|> A3)
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1
1D, 0", D, Q| SM(;(Iw/rIJrIzI)JrIpI) 4
1D, QY| < u(w/r| + Iz|) )

for some constant jt.

Now we shall state what problem we want to solve:
Problem Given a minimal cone C in a Euclidean space, can we find a small perturba-
tion of the cone to produce a minimal submanifold with the same isolated singularity
as the cone but is not itself a cone? This is same as asking whether we can find ® in
some suitable function space such that Mg (®) = 0.

Remark 1t is known in [10,page 515], that the condition Mg (®P) = 0 is sufficient to
imply Hg (®)N¢ = 0. Roughly speaking, if |V ®| is small enough, then the two fiber
N, C and N,G¢(C) are close to each other.

To tackle this problem, we first study the linearized part of the operator Mg in which
we denote as L, an elliptic operator acting on section of N C which and is defined as

Ld =Atd + Z(q), Aij)Aij
ij
where A;; is the second fundamental form of C w.r.t some orthornomal bases {e; }.

L is also known as the Jacobi operator in the literature. If C is a cone over a smooth
manifold M, i.e.

C:={rx:r>0xeMcCR""h

we can decompose the operator AL using geodesic polar coordinate
d od 1
Ato =TIy S AL D
ar( ar )+ P2 M

We also have the relation of second fundamental form A;; on C C R"** and second
fundamental form AlM on M C S§"t*=1 which is Ajj(rx) = }A?}I(x) where x €
M, r > 0 (refer to Section 1.4 of [14]) . Then L can be written as

) 1
LD = rl_”i phl —8 + =T
r or r2

where 7® = Ay, @ + (@, A))AY.

Our goal is to find @ such that M5 (®) = 0 and P satisfies certain decay at origin.
The strategy is to first solve the Dirichlet problem of the linearized equation L® = F
on Cj := C N B1(0)\{0} with boundary condition & = H on M for any suitably data
F € L*(C), H € L*>(M). This can be done by considering eigenfunctions expansion
of L? orthonormal basis of L>(M; N C) and hence reducing the problem into an ODE
problem.
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After that we introduce suitable weighted Holder space and try to prove regularity
of the L? solution obtained in that space if F has better regularity. The final step is
using fix point method to solve the nonlinear problem.

We shall now state the main result of this article which basically says that we can
perturb a higher codimension minimal cone in Euclidean space to produce a minimal
submanifold with the same isolated singularity as the minimal cone. Moreover, we can
also obtain its asymptotic behaviour near the singularity. The statement of the result
is as follow:

Theorem 1 (Theorem 12) Let M"~" be a smooth minimal submanifold in S"**~1 and
C be cone over M. We also denote C; = C\{0} N B(0) as the truncated cone with a
unit ball in R"*. Given o € 0,1), v>3and J > 1 such that Ry; < v < Ryj41,
there exist positive constants A and € (depending only on M, n, k, v, «) such that
corresponding to any H € C>%(M) with 1y Hl|c2eary < €0, there exist & €
C,%’“ (CPH) a C>“ section of the normal bundle of Cyin Rk with decay rate O (|x|")
near origin, satisfying the zero mean curvature operator equation (2) i.e.

Mg (®) =0o0nCy
with boundary data H in projection sense,
[my®=II;H onM.
Moreover this solution satisfies the estimate

NPl 2w oy = Al HI|c20 (1)

(i

Remark The precise definition of J, y; and I1; can be found in Sect. 2, whereas the
weighted Holder space CE*“ is defined in Sect. 3.

The proof basically follows the codimension one case but we need to take care of
the issue of a PDE system. Most of the C* and Holder estimate in [3] is only being
stated without giving detail proof, so generalizing those estimate to elliptic system is
not an easy task. The approach I take is first reduce the elliptic system to some scalar
equation, and then apply scalar Schauder theory together with appropriate interpolation
inequality.

The organization of this paper is as follow, in Sect. 2, we construct the L? solution of
the linearization of mean curvature operator using eigenfunction decomposition. This
part generalizes directly from codimension one. In Sect. 3, we define the appropriate
weighted Holder space for our setting and try to estimate the weighted Holder norm
of the solution of the linearized equation. The main difficulty is how to do rescaling
estimate on the minimal cone in Euclidean space. Finally, we shall apply fix point
theorem to solve the nonlinear mean curvature equation in Sect. 4.
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2 L2 Solution of Linearized Equation

Let C" be n-dimensional cone over M"~!  §"*k=1 which is also a submanifold of
R"+* As a Riemannian manifold, the truncated cone C \{0} can also be viewed as the
embedding of the product manifold (0, co) x M into Euclidean space R"* given by

1:(0,00) x M — (R"*, gp)

(t,x) — tx
with induced metric g. := (*go = dt> + t>gy, where gy is the Riemannian metric
on M and g is the Euclidean metric on Rtk So C\{0} = ¢((0, 00) x M) and we
shall call such M the link of the cone C. We also define the truncated cone C;" as the
intersection of C\ {0} with ball of radius r B, (0) C R"** i.e.

C; = C\{0} N B, (0)
In particular for r = 1, M will be the boundary of C7.

Next we define the space LZ(C *. NC), where NC is the normal bundle of C, to be

the space consisting of L? vector-valued function f € L*(C 5 R™*K) such that

f(x) € NyC Vx € CT

Given F € L?>(C*; NC) and H € L*(M:; NC), we consider the Dirichlet problem
on truncated cone

L® = FonCy
®=HonM

where the linear operator L acting on L2(((0, 1] x M, gc), NC) is defined as:

3 ad\\*t 1
Lo = (rl"— (/1= —T®
(r or (r or >> + r2

and TP = AAL,IQD + (P, A{‘;’)A?]’.’. T is a compact self-adjoint operator acting on
LZ(M ; NC), by spectral decomposition of L2(M ; NC), there exist L? orthonormal
eigenfunction ¢; and its corresponding eigenvalue p;

mr<puz <:---—> 00
o1, ¢2,--- € L*(M; NC)

satisfying T¢; = —p;¢;. Using this L? basis {¢j};, we can expand ®(r,x) =
> ai(r)gi(x) and F(r,x) =Y fi(r)¢i(x) forx € M,0 < r < 1 where

ai(r) = (P, ¢i)2 = /M@(F,X),aﬁi(x»d%c
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and
Fir) = (F. ) 2 = /M (F(r, %), ¢ (0))dV

The inner product in the integral is the usual Euclidean inner product. By taking L?
inner product with ¢; both side,

(L(D’ ¢j>L2 = <F’ d)j)L2

the linearized equation can be simplified into an ODE:

4

r2a(r) + (n — Dra(r) — wja;j(r) = r’ f;(r) (6)

We first solve the homogeneous equation

r2a(r) + (n — Dra)j(r) — pja;(r) =0 (7)

If we let a;(r) = cr?/ for any constant c, and plug in into (7), then we obtain

rYiyi 4 =2y — ) =0

If we choose y; to satisfy the quadratic equation above, then a; (r) = cr?J is a solution
to (7). In particular choose the root with plus sign

—_ )2
-2,

1
vi= 50—+ —

I ®)

we remark that y; could be complex valued since 11 might not be non-negative.

2
Remark In codimension one, the condition (n 42) + w1 > 0 corresponds to the cone
C being stable [3]. However, it is not clear what is the analogue condition in higher
codimension.

In order to obtain particular solution, we use variation of parameter by letting
aj(r) = c;j(r)r?/ and then plugging back into (6). We then obtain

cpw+4aw+m—nyw4:ﬁ
this simplifies to
(rn—1+2ij;)/ — rn—l-‘ryjfj

@ Springer



164 Page 8 of 30 Y.S. Ooi

Both the real part and imaginary part of such a; will satisfy (6). We chose the real part
of a; and the formal general solution for (6) is

r s
s'*”*zy-f/ t””}’-ffj(t)dtds>
0

J

aj(r)y=" (ajryj —i—r”f/
B

for some constant «;, ;. Next, fix v > 1 and we would like to prescribe a decay rate
rV for the solution near the origin. The reason for v > 1 is so that it decays faster than
cone solution which correspond to decay rate O(r). We choose J > 1 to satisfy the
following

Nyy <v <Nyjp ©
In order to make sense of the formal solution, some conditions are needed. By defini-
tion, Ny; > —(n — 2)/2 for any j. If we assume | f;| < cr’~2, then the integral in ¢

makes sense since (n — 1 + Jy; +v —2) > —1. Next, since n — 1 + 20y; > 1, we
have r" 112V, c;. — 0 when r — 07, so the lower limit of the integral in ¢ matches

the formula. As for the integral in s, we are dealing with the function s¥~!~%/ which
is also integrable from our choice of v and ;. In order to have a; = O(r"), we define

it as follow:
r S
R (er/O sl—”—”ffo tn_l+yjfj(t)dtd5) ji<J

aj(r) = (10)
r s
R <ajr7j _|_er/ sl_"_zV.i/ 1Y fj(t)dtds> j=J+1
1 0

where we have chosena; = 8; = 0for j < J and @ € R, with Zoc? <00, B =1
for j > J + 1. By direct computation, we can then check that

r s ﬂ V_-‘HVJ'
If’”/ slfan)/j/ 1ty fidtds| < cr’|1 — <Tj> |
Bj 0

which implies a;(r) = O(r") whenr — 0%,
On the other hand, the boundary behavior of ® can be seen by letting » — 1, then

H(x) = aj(l)p;(x)
J 1 Ky
= Zm </ sl—"—zwf t”‘”yffj(r)dtds) ¢j(x)
=1 0 0

+ ) ajgix)

j=J+1
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this tells us that the first J term of the L? solution is determined by F, so we can only
prescribed the term from J 4 1 onwards for H i.e.

aj=(H,¢j)2, j=J+1

Define the projection operator

My LX(M) — LX(M), T H:= Y (H.$j)p20,
j=J+1

The above discussion says that we can solve the following Dirichlet problem in L?

L® =FonCy
Hj(D:HJHOHM

where F € L%(Cy) satisfies |[r>"VF||po(c,) < ¢, H € L*>(M). Moreover, we can
estimate the L2 norm of & =} j aj¢; using Parserval identity:

2 2 2
1D, T2y = D laj P+ laj ()]
j=J ji=J

2 2— 2 2.2y
<CrIPTUFIR + Y aflr?i|

j=J+1
2v11,.2—v 2 2v 2
<CrPIPTUFIR 4+ Y o

j=J+1

1D, 2 < Cr' [P Fllo + [D a2 (11)
j>J

This means the solution ® decays like ¥ near origin in L? norm. With a given bound-
ary data and decay rate, this solution can be proven to be unique (see for example
[11,Lemma 3.3]).

We summarize the result we obtain as follows:

Theorem2 Let v > 1 and J satisfies (9). For any H € LZ(M) and F satisfying
||V2_UF||L°O(C1) < o0, there exist constant C > 0 and unique solution ® € L*(Cy)
to the equation

Hence we have

L® =FonCy
I;®=TII,HonM

Moreover, for 0 < r < 1, ® satisfies the inequality

190, llzan = Cr (11727 Flloo + 1T Hll 2 )
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3 Weighted Holder Estimate

After solving the linearized equation in L2, we would like to use fix point method to
solve the nonlinear equation. In order to do so, we need a better Banach space than L?.
A suitable setting would be in some weighted Holder space as we will define below.

3.1 Weighted Holder Space on (3

Let (U, LIJZ)ZL= | be any finite number of local chart for M such that U[l‘zlz/fl =M
and W) : Uy € M — Y (Uy) C R"! is homeomorphism. By identifying M with
{1} x M and C} with (0, 1] x M, we can then give C} alocal chart (V, \IJ[) by setting
V= (0,11 x U and Uy : V; = (0, 1] x Uy — R" with ¥, = id x ;. Note that
UZL: i=cC ik

We shall use this local chart to define weighted C* norm and Holder norm for
real-valued function on CZ. Fork =0,1,2ando € (0,1),ve R,and f : CT — R,
we define the weighted C* norm of f as

k
1 fllekcry == sup D r/™" sup VI
O0<r<l =0 [r/2,r1xM

where the term supy, 5 .1 |V/ f| is understood in local coordinate as

max (sup( sup |8Af|>>
=L L\ =i \&0nir/2,1x M)

here 9" is the size |A| multi-index partial derivative in local coordinate. We then define
the weighted C* space for real-valued function on C | as

cheh = {1 e b€ I fllcticr) < o}
Next we define the weighted Holder seminorm [ f]; o,v, j = 0, 1, 2 as follow:

[fljv = sup r/ Y[V flopr/arixm

0<r<l

where the term [V/ flas;1r/2,,xm is understood in local coordinate as

max | sup [0* f] .;
o, <|A|=pj[ f]a,\lll(Vlﬁ[r/2,r]><M))
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here [.]o:q is the usual Holder norm on Euclidean space. We then define weighted
Holder space as

cha(cy) = | f e e 1 fllgke sy < o0}
where
ke = [ fllct + [ lkaw

We now define weighted Holder space for vector-valued maps ij""(Ci“; R )
which consists of k-times continuous differentiable map F : CT — R"+* and each
of its component F = (F%)4=1,...+k 18 in C’v""‘ (CT). Moreover, its norm is defined to
be

F gk = D 1IF]] pha
a

If the target space is NC, we say that F € C{f’“ (C¥; NO)If F € Cf""(C*; Rk
and F(x) € N,C forall x € C{ where NC is the normal bundle of C in Rk,

3.2 Weighted Schauder Estimate

We now assume that F' € CSf’z(CT), where v > 3and [1; H € C%%(M). We hope to
get some weighted holder estimate for the solution of the Dirichlet problem in previous
section. Precisely we want to find ® € C 5*“ (CY) satisfying

L® = FonC}
HjCD:H]HOIlM

together with the estimate

19llgze < ¢ (IIFllcoe + 1T Hllceqn )

We will first assume that IT; H = 0 and show the following result:

Proposition 3 Suppose F € Csz(C;‘) where v > 3, o € (0, 1) is given and J > 1
satisfies Nyy < v < Nyjy (refer to (8)), then there exist unique solution ® €
CE’“ (CY) for the equation

L®=FonCy 12)
;®=00nM (13)

Moreover, the solution satisfies the estimate

1@l 20 < cllFllcox
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for some constant c independent of ®, F.

The existence of L? unique solution of this Dirichlet problem has been solved in
previous section, we only need to estimate the solution in weighted Holder space. We
shall first reduce this elliptic system to scalar case and then apply Schauder theory
from there. To do so, let {e,},a = 1, --- , n + k be standard basis on R"t* and by
taking Euclidean inner product on both side of L® = F with each e,, we obtain

(L®, e,) = (F, eq) =: F*

Recall that L® = A+d + Zi’j(Cb, A;j)A;j where A;; is second fundamental form
of C with respect to some orthonormal basis {e;}. Now letting { f;} be orthonormal
frame on C we can compute for each a,

1 _ Lol €1
(AL®.ea) = 3 (VEVE® = Vig, 1y ®.ea)
1
=D VilVp®.ep) — (VED, Vi(eh)) — (Vv 7 @ )
i
=Y ViV (D, eq) — (B, VEVE(er)) — 2VED, Vi (er))

1

= Vv, 7 (@ ea) + (@, Vig o (€0)

=AD" — (®, At(e)) =2 (V5D Vi(er))

1

where ¢ := (P, ¢,) and A := ), V. Vs — Vv, syr- Note that we need the fact
that @ is the section of normal bundle in above computation. Since C is minimal in
R"k we can also write the equation as

ADY : = Z Hesspnte (P) (fi, fi)

= Z Hesstk(cDa)(fi’ ﬁ) + dq)a (Z V}:ﬁ>

= Z Hessc (P (f;, fi) = Acd*

where A is the Laplace-Beltrami operator on C. Unfortunately this is a couple linear
system, for each fix a we cannot directly apply Schauder theory on this equation.
However, if we treat the lower order term of ® as a known term and move it behind,
the equation becomes

Ac®® = F¢ — G(®, VI D) =: 0 (14)
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where

GH(®, VI®) 1= (D, Aij)(Aij, ea) — (D, A (ez)) =2 (V5D Vi(er))
i.j i

Observe that e € Cé’a (C¥; NC) and
Vi T(TC) x Cg*(CT.NC) — C§—*(Cf. NC)
for any integer k > 1, @ € (0, 1), B € R. So we have
viel el Atel et
Using these together with the assumption @ € Cf"" will imply G € CSf‘z. To

estimate weighted Holder norm of @, we need the following proposition which is an
application of rescaled Schauder estimate:

Proposition4 Let ® € CE'“ (CY) be a solution to the elliptic equation (12). If we
assume that

|F V@] oo (cy) < ellr> ™V Flloe(ey) (15)

where r = |x| is the Euclidean distance to origin and c is constant independent of ®
and F, then we have the estimate

< o
||®||C3'Q(CT) =cC ”F”ngz(cr)

where ¢’ is independent of ® and F.

To prove above proposition, we also need an interpolation inequality of weighted
Holder space for scalar function which can be shown by modifying the proof in Lemma
6.32 of [4].

Lemma5 Let f € CE’“(B;"), where BT = B1(0)\{0}, v > O then for any € > 0, and
V' < v, there exist constants C1(€) and Cy(€) such that

1 fllcoa < CLONr™ fllz= + el fll 2
and

£ llgre < CaOlr™ fll + €l fll 2

Now we shall prove Proposition 4.
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Proof of Proposition 4 By taking Euclidean inner product both side of equation (12)
with standard basis {ea}Zi’f of R"** we obtain (14). Suppose that ®%|y; = h%, we
identify C} with (0, 1] x M and M with {1} x M, then we have an elliptic equation

Ac® =Q%on (0,11 x M (16)
D' =hon{l} x M (17)

where h?(x) = Z,{=1 aj(1){(¢;(x), e) (refer to Sect. 2 for definition of a;, ¢;)

We now choose a local chart for C} in such a way that we can do rescaling estimate
in each local chart. For any p € M, using exponential map we can choose a normal
neighborhood ¢/ centered at p withradius r = inj (M), whereinj(M) is the injectivity
radius of M. Since M is compact we can find finitely many geodesic ball B, ;> (p) that
cover M. LetU; = B,(p;) and ¥; = e)cpl;l1 : B (p1) — R"~! then we have finite
number of local chart (U, W;);=1,..... for M such that

Ul B2 (pr) = M.

By settingyl = (0, 1] x U; and \Ill =1id x ¥, for/ =1, ---, L we obtain a local
chart (V;, )~ for C7.

Step I: Local estimate

Let R < 1 and consider any p € C} with |[p| < Rie. p = (r0,y0) € (0,11 x M
with rp < R. Using the local chart above, p € V; for some / with local coordinate
(ro, y(p)) where

y(p) = Wi (y0) e R"!

Let s = min{ro/3, (1 — rg)/3,inj(M)/2} and consider a ball Bs(\Ill(p)) c UV).
In this local chart, we can perform a rescaling of the function ®“ by letting

v(r, y) = ®(ro + sr, y(p) + sy)

defined on B1(0) := {(r, y) : r2 4+ |y|2 <1} CcRx R”~!, Without loss of generality,
we can consider a second order elliptic operator L on C7 of the form

Lo = aV;V;® +b'V;®% + cd“

where [la'/[| oo 1167 o llell cog < 0o
Under this scaling, v satisfies the equation

Lv = f on B;(0) (18)
where
L= C_lijaiaj ~|—S5iai +s%¢
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is second order elliptic linear operator on Bj(0) with Holder continuous coefficient
and

f(r,y) =s2Q%ro + s, y(p) + s¥).

By standard elliptic interior estimate

vll2,0:81/20) = c(lvllo;B,©) + 11 110,081 (0) (19)

Claim 1:
1 o010 = €110 e e (20)

where ¢ depends only on R and inj(M).

Proof of Claim 1: For o = min{4ro/3, 1}, we define Ay, := [fo/2, to] x M. Observe
that in local chart, BS(\ilg(p)) C [to/2,t9] x V;(U;) where s = min{rg/3, (1 —
ro)/3,inj(M)/2}, then by scaling backward,

sup |f|=s> sup |Q%
B1(0) By (¥1(p))
<s*  sup QY
[t0/2,t0]1xW; U))
< sZsupty 2ty Q4 ()
Ay
v v=21,2—v Ha
=s"sup(to/s)" “lty QI
A,O

if tp = 4rg/3 (ro < 3/4) then by definition of s,

to 4R 2
— <maxi4, ——, ———
s 1 —R inj(M)

if g = 1 (r9 > 3/4) then

I/ 2
2 < max {4, —3 , —
s 1—R inj(M)

In both case, we have an upper bound for #y/s depending only on R and inj(M), so
we have

sup | f1 < 18”10 coe (o 2D
B1(0) Cv72(cl )

where ¢ only depends on R and inj(M). We can similarly estimate the Holder norm,
2
[F10.0:810) = 57 1OQ Y 45, Gy (1))
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S 32+at(]))_2_al§_v+a[Qa]O,a;A,O

= 5"(t0/$)" > (15" [0 0. 4,,)

=< 6‘25‘) | | Qa | |C0’a2(CT)
b

where ¢, only depend on R and inj(M). Combine both estimate we prove Claim 1.
Claim 2:

||v||O;Bl(0) =< csv||F||C8f‘2(CT) (22)

where ¢ is independent of ® and F. ~
Proof of Claim 2: By scaling backward and note that B;(\V;(p)) C [ro — s, 70 + 5] X
v (U,

lollo;By0) = sup [P
By (W1 (p))

< oswp o
[ro—s,ro-+s]xW; U)

< sup | D4
[ro—s,ro+sIxM

=5 sup (re/s)Vry " @
x€lro—s,ro+sIxM
where r, = dist(x, 0) the Euclidean distance of x to 0. Since we know r, satisfies

o —8=ry=ro+ts

we can then estimate

r ro
= <1+ — <max {4,
s s

1+2R 2
1—-R " inj(M)

So

llvllo; ) < c38”lr™" @ | Loocy)
< 48" ||s>7VF||po(c,) by assumption (15)

=< C4sv | |F| |C0,a2(ci<)
ve

for some constant ¢4 independent of @, F. Hence we prove Claim 2.

Using (20), (22), Schauder interior estimate (19) and perform rescaling backward,
we obtain a local estimate in a local chart

2
' j 24app2
101 12.0: 3,5 0) = SJB S(‘\lpp( ))|V]‘Da| HsTVIO @)
i=0  Bp(Wi(p
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= cxs” (11Fllcoe ey + 110 o ) 4)

where cg is independent of @ and F.

Step II: Interior estimate

For any r € (0,R], let A, := [t/2,t] x M, and suppose the supremum of
>tV IVE®4| on A, occurs at p’ € A,. Without loss of generality, suppose p’
lies in the chart (V, W), then Bs/zlil(p’) C (V) where s = min{|p’|/3, (1 —
|p’'1)/3, inj(M)/2}. We first estimate the ratio of s /¢ as follows:

' t / 1 |p]
PEA — S=Iplst < ;=< <1
2 2 t
hence
/
sl _ 1
t— 3t — 3
Now using local estimate in Step I, we have
th—“ sup [V/ 4| = sz—” sup  |V/ oY (25)
j=0 Ar j=0 By (p')
2
=> (/0" IssT sup V@Y (26)
j=0 Bs ¥ (p)
2
<> sps s swp [vIe] 27)
j=0 BspW(p")
/
=k (I1F Il cry #1100 ) @)

where we use (24) in the last inequality. To estimate Holder norm, we use the following
estimate for any bounded 2 C R",and n € C 0. (),

ez < 2'7% sup(Mla:, p(pne + 5~ Ml0:8, p(p)ne) (29)
pe
which can be proved by considering two cases either y € By 2 (x) 2 ory ¢ B2 (x)NE2.
On any local chart (V, ), using (29) with Q = [t/2, 1] x U(V) and Bs2(p) € Q
with p € Q and s = s(p) is chosen similarly as previous,

PV g < 2174 Y sup ([szb"]a;&-/z(p) + S‘“le@alcowy/z(m))
pe

=217 (s /1) 2V sup (sPTUVE Lu: 5,0y + 571908, 2(p))
pe

= i (I1F11cos oy + 10 o )
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where ¢’y is independent of ® and F. Combine both estimate we obtain the following
interior estimate

a a
||CI> ||CS’“((O,R]XM) < CR <||F||C8_U‘2(CT) + ||Q ||C8f‘2(cf)) (30)

Step III: Boundary estimate
Using boundary Schauder estimate in [4,Lemma 6.5], there exist § > 1/2 such that
on Qs :=1[6,1] x M,

19 lc2eay) < €5 (119 lcoies + 10 cowery + 1h°llcaean) B
Also we have

10 llcoeyy = 1€ 1Igoe (33)

19 coery = 11r"@lloo < I Flloo < 11Fllcoe (32)

Now we wantto estimate ||| interm of F. Recall that 2% (x) = Z{:l aj(1)(¢;(x),e?)
andforl1 < j <J,0 <t <1 wehave '

2—
laj (O] < ct”|Ir " Flloo

consequently

J
1 llc2aqy < 3 1ajDIIg;llc2equy < ClIFllcoa (34)
j=1

where C = C(J, ||¢l]2,«, 1, &, V). Putting everything together we obtain boundary
Schauder estimate

a a
10920y = €6 (I1Fllgoe oy + 110 o ) ) (35)

By choosing R = (1 + §)/2 in the interior estimate and together with boundary
estimate, we obtain the following global estimate:

a a
10 2y = 1 (11F1Icom oy + 11071 oe, ) (36)

Step I'V: Interpolation
Recall Q¢ = F* — G from (14) and we have

a a
10 llgoe, = NI Fllgoe, + 1G] coe
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from definition of G%, we have
1G9 coe < cs (111l o + 9@l coa ) < s (1191l cpe + 1] 1)

Plugging this back into the global estimate (36) and taking sum both side for a =
Lo ,n+k,

191120 ety = 0 (11l cos oy + 1010 oy + 1@l grees))

By interpolation inequality in Lemma 5, pick € > 0 satisfying ec9 < 1/2, there exist
C(e) > 0 such that

191l 20 ey = €9 (1Fllgoe ooy + €ll@llgze + COITDlloc)  (37)

< <o (1 + C@IIFll e ) +€llPll ) (38)
Hence we prove the estimate
||<D| |C5‘°‘(Cf) < C10| |F||C8—OIZ(CT)
and complete the proof of Proposition 4. O

3.3 Weighted C° Estimate

The implication of Proposition 4 is that knowing the weighted sup norm of the solution
in term of weighted sup norm of the source term is suffice to estimate the weighted
Holder norm. For this, we reduce the estimate of weighted Holder norm of & to
estimate its weighted sup norm instead.

The first observation is the norm ||| |C9(CT) ie equivalent to ||r " ®|| () when
v > 0. Indeed, for any x € A, :=[r/2,r] x M, we have

1
z—vlr;”q)(X)l Sr Ve = /ro) ")) = e ()]

where vy = |x|. So we can interchange between these two equivalent norms while
doing estimate. The equivalent norm is also true for any v € R but we don’t need it
here.

In this section, we always assume that F € CSf‘z(Ci") forv > 3and ® € Clzt;f(Ci")
is the unique solution given by Theorem 2, i.e.

AlCID—{—Z((D, AijYAij =F OIICik
i,j
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and
[Tyj®=0on M.

Let u(x) := |®(x)| for x € C¥, we have the following local estimate :

Lemma 6 Suppose B3r(x) S C7 is a geodesic ball of radius 3R, then there exist a
constant c(q) > O withq > n, n = dimC such that

ulo:ace) = @) (R lul 2y + ROV 1Flapipen)  G9)

Proof We first show that u satisfies the following inequality in (0, 1) x M (in distri-
butional sense)

Au > —|Alu — |F|

Regularize u by considering us := +/u? + § forany § > 0. Choose a local orthonormal
frame {e;} then we can compute

Aua = Zeie,’ua - (Veiei)uﬁ (40)
i

=uy (AT D, ) +uy VO = " ug(V,, @, ) 41)

]
=us' [(F. @) =Y (@, Ap)* | +us IVOP =) up (V@ @) (42)
i.j i

—u; (11191 + AP0 ) = —IF| = |APus *3)

v

For any n € C&((O, 1) x M) with n > 0, we then have

1
[ 2V, V@u?) = / (Vi Vus) < f |Fln + A nus
0,1)xM <Us 0,1)xM 0,1)xM

Let § — 0 and use Fatou Lemma, we can conclude that « is a subsolution of the
following elliptic equation(in distributional sense):

Aw +[APw = —|F| (44)

We can then apply the C© estimate from [4,Theorem 8.17] with p = 2 to obtain the
interior estimate. O

Next we want to estimate the weighted C® norm of u near the origin. Recall A, :=
[r/2,r] x M, and we shall show the following estimate:
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Proposition7 For 0 < r < 2/3, u satisfies
rVulo;a, < ClIFPT"Flizeecy)

for some constant C independent of u and F.

Proof By choosing R = r /6, then for any x € A, we have
B3g(x) € C; and Bag(x) C[r/6,4r/3] x M

We can then cover A, by finitely many Bg(x) and apply Lemma 6 with ¢ = 2n in
each B (x) to obtain estimate on A, as follows:

lulo;a, < c10 (r_n/2|M|L2([r/6,4r/3]xM) + r|F|L"([r/6,4r/3]xM>) (45)

We first compute the term | F'|pn((r/6,4r/31x M)

4r/3 |
\F 1 1 p6,4r 3100 = f / |FI"s" dvpds

4r/3
/ / § lsnv—2n|s2—uF|ndsde

” 4r/3 |
< =" Fllzoo s, 4r/3]><M)/ / s dsdvy

SC11||V F”LOO(C’]")" nv=1)

so we have
rIF|Ln(r/6,4rj31x M) < Yenr|Ir? TV F |Loo () (46)
Next we compute the term |u| 72 ([, /6 4r/3]x M)

2 REA. 2
uly 2 =/ s" / u”dvyds
L2 /6.4r 31y = [0 M

4r/3 : 5
:/ Sn7 ||CD(S,)||L2(M)dS
r/6

4r/3
< 612||r2_"F||iOO(C1) //6 s"1s?vds from (11)
r

< 013r2v+n||r2—vF||%oo(C])
This implies
—n/2 2— 2
r |"‘|L2([r/6,4r/3]><M) < Jewir'|Ir UF||Lc>o(cl) 47)
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By taking a bigger constant of (46) and (47), we have from (45)
lulo;a, < crar’|lr* ™V Fllz(c)) (43)

This complete the proof of the proposition. O

Finally we are in the position to show global weighted C? estimate of ®.

Proposition8 Let @ € Clzo’g (CY) be the solution given by Theorem 2 then ® satisfies
the estimate

I @Iy < ClIF T Fllzce)
for some constant C > 0 independent of ® and F.
Proof As before, let u := |®| and we know from (44) that u satisfies
Auz —|APu — |F| = =AY Pu/|x|* - |F|
on (0, 1) x M where A is second fundamental form of M in S"t¥~!. For any fix
0 < Ry < 1, we can then apply the global C° estimate of [4,Theorem 8.16] with
q = 2n to the equation
Aw = f = —|AMPu/|x|? - |F|

on [Ry, 1] x M and obtain

[t]o:[R. 11xm < sup u~+ sup u~+cis||fllLr Ry, 11xM) 49)
(}xM  {Ro}xM

Since [T;® =0on {1} x M and u|y = |P(1,.)|, we have

101, )] < > la; (D)1 < cisllr® ™ Flloo (50)

j=J
If we choose Ry < 2/3, we can use Proposition 7 to claim that

sup u < CRY|IF*Floo D
(Ro}x M

To estimate L” norm of f, we need to estimate both L" norm of | F| and u/|x|?. By
just changing the limit of integral, our previous L" norm estimate of | F| gives

|F|Ln(Ro. 1150 < 120177V Flloo (52)
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So we only need to estimate L" norm of u/|x |2. One observation is the L" norm with
n > 2 can be estimated in term of C° and L? norm. To be precise, for any w € L?
and any € > 0, apply Young inequality with (p, ¢) = (;*5, 5) to obtain

(Jrwrae) " = (fror-2wrac) ™

-2 2
wlg™ " w2

el 1
—lwlo + — w2
D qeq

IA

IA

By replacing w with u/|x|? in above inequality, we obtain

. [l < < . ! I . Il
—= || Ln — su — + —||— |2
PE L"([Ro,11xM) = » [Rg,l]po 2 ged " x? L2([Ro,11x M)

172
el 1 1

— sup u+-— </ / (12)2s”_1deds>
PRG Ry ixm 4€T \JRy Ju 8

P - | 172
— sup U+ _||r2—vF||oo (f Sﬂ+2v—5ds>
PRG (R, 11xM qed Ro

IA

IA

ep ¢ 1— Rn—i—2v—4
= sup ut e | P2 F
pRO [Ro,11xM qEq n+2v—4

Combining above estimate with (50), (51), (52) then the global estimate in (49)
becomes

Jtloc o1 < 1177 Flloo (e16 + CRY) + easleralir?™ Flloo

GP c 1 _ Rl’l+2V74
sup |AMP [ sup w0 2V
M pRO [Ro,1]x M qgel n+2v—4
Now we can choose € > 0 such that it satisfies
e? 1
cissup | AMPP—s =
M PRO
then we can conclude that
[]0:[Ry, 11x M < Cl7||r2_VF||L°<>(Cf) (53)

To prove the global estimate on C¥, by the equivalent norm of ||r ~" ®||, and || D| |C9,
it is suffice to show

l"_v sup u < C||r2_”F||Lm(CT)

Ar
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forany 0 <r < 1.
When 0 < r < 2/3, this is just the result in Proposition 7.
When 1 > r > 2/3,if x € A, N[Ro, 1] x M, then by (53)

ru(x) < e172/3) 71V Flloo

otherwise, we have x € A, N {|x| < Rp} and we can apply Proposition 7 again to
conclude the result. Hence we complete the proof. O

We shall now restate Proposition 3 which is an immediate consequence of Propo-
sition 8 and Proposition 4.
Proposition 3 Suppose F € C‘())f‘z(Cf) where v > 3, o € (0, 1) is given and J > 1
satisfies y; < v < yy41 (refer to (8)), then there exist solution ® € CE""(CT) for the
equation

L® =FonCy
[My®=0onM

Moreover, the solution satisfies the estimate
1]l 20 < cllFll o,

for some constant ¢ independent of @, F.
For general C>“ boundary data, we can show the following result:

sz(Ci‘) where v > 3, a € (0, 1) is given and J > 1

satisfies Nyy < v < Nyy41 (refer to equation 8). Also given a map H € C**(M),
there exist a unique solution ® € Cf’“(Cik) to the equation

Theorem 9 Suppose F € C

L® = F onCY (54)
Hj@:HJHOI’lM (55)

together with the estimate
191l cze < K1 (I1Fllgoe + 1T Hllc2aqu)

where K is independent of @, F, H.

Proof Let H;H : C; — R"* be 2@ extension of IT; H (see for example [4,Lemma
6.38]) with

Ty Hlc2e(cry = cllTly Hl[c2.aar)
where the constant ¢ is independent of H.
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LetV =& — r"l'[}H, where r = |x|, then we have
LV =F—L('TI;H) onC;}
and IT;V = 0 on M. Also note that r"l'[}H € Cf’“ (C}) with estimate

[lr" Ty HI| 20 oy < ClITL Hllc20cp)

N
By applying Proposition 3 for V,

19l c2e < IVl 2w + 11" T1y Hl| 20
< c(IFlcoe + 1L T Hllow) + 1Ir T Hll 2
< (IFllgoe + 11T Hllc2e(cty)

< C”(”F”cofz + [Ty Hl| c2.a0n)

We have used the following estimate in the third inequality

LT )l o, < €lITLS Hllaeey)

4 Solving Nonlinear Equation

We are now ready to show the existence of solution to Mg (®) = 0 with decay O (|x|")
at the origin. For convenient, write B := CS’“(C*; NC) where @ € (0, 1) and v > 3.

Given H € C>%(M), we consider an operator I/ : B — B that maps W € B to the
solution ® = U (W) given by Theorem 2 :

LO=—QW/r,V*W, (VH2W) = F(W) on C}
;e =I1;H on M

The definition of Q above can be referred from equation (2). Let us recall the
contraction mapping principle:

Theorem 10 [4,Theorem 5.1] Let T be a contraction mapping from a Banach space
B into itself, i.e. there exist a number 6 < 1 such that

ITx —Tylls <Ollx —yls, Vx,yeB
Then T has a unique fixed point, that is there exist a unique x € 5 such that Tx = x.
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In order to solve the nonlinear problem Mg (®) = 0, we reformulate the problem to
finding the fix point of the operator ¢/ above. To do so, we choose a closed subset of
B as follow:

Define K C B to be the set

K:={WebB:|Wlp = Alll;H||c2«}

where constant A to be determined later. Once we show that ¢/ is a contraction maps
from K into I, we can apply contraction mapping principle above to conclude the
existence of fix point for /. To this end, it is suffice to show the following lemma:

Lemma 11l Let W; € B, i = 1,2 with ||W;||g < 1, then F(W;) € CSf‘z(CT) and
F (W;) satisfy the inequality

IFWDllcoe < Kol Wil
and

IFEW1) = F(W2)llcoe < K3([[WillB + [IW2lIB)IWi — WallB

for some positive constants K, K3 independent of Wy, W».

Proof We first recall that Q (w, z, p) is a polynomial of w, z, p which is at least degree
2 and is linear in p where w €e RV, z e R*V  p e RN with N = n + k. Moreover,
when |w/r| < 1 and |z] < 1, we have (see (3)) for some constant p,

I /w, 2 w
ow/rozpl = (s (1= +12P) + (114121 1p
To prove the first inequality, we observe that for A, = [r/2,r] x M, (we shall omit
the subscript i of W;) by using the definition of weighted norm of C 3’“ in Sect. 3.1,
the sup norm and Holder norm in A, can be estimated as follow:

LAW/rlo <7 WIs

ii. [VW|o<r"1W|s
iii. [V2Wlo <r"2|W|g

. [W/rle </ 1 |Wig

v. [VW] </ HWig
vi. [V2W], <’ 2|W|5
Hence the sup norm and Holder norm of Q(W /r, VW, V2ZW) in A, can be estimated
as follow:

1010 < er™ 7 |Wg
and using the fact that [ fgloy < |flolgle + [ flalglo we obtain

[Qla < (1 /r|W/r|olW [l + 1/r|VW[)[VW]y + W /r|o[ VW],

@ Springer



Higher Codimension Minimal Submanifold... Page270f30 164

+ [W/rle| VW lo + [VW[o[VE W]y + [VW]1 VW ]o)

< c//r2u—3—a|W|%
Combining these two estimate we havein A,,0 <r < 1,
r 2000 4+ 01, < O WG < CIW

which is the estimate for || F(W)]| Ve - S0 we have proven the first inequality.
v—2

For the second inequality, we write

1
d
FOv) — Fow = [ ROV nr
0 t
where W (t) = tW; + (1 — t)W;. Then we have

‘dFWI)
SFW Q)

< [(Dy, Q. W (t)/r)| + [{D:,; Q. ViW* (1))| + \(me-,- Q, V7 ;W)

where W means the derivative of W (¢) w.r.t 7 and we are summing up the index of
right hand side witha =1, ---Nandi, j=1,---n.
By property of Q (see (3)), we have

1Dy Ol < u(1/r(IW®)\/r + VW) + [V2W (1)) (56)
D0 < u(1/r(IWO)/r + VW) + [V2W (1)) (57
|Dp Q1 = u((W@)|/r + VW (@)]) (58)

Using properties of Q above together with estimate i, i7, iii, the sup norm of F in A,
can then be estimated as

d .
‘Eﬂwa)) < Cr 3 wWnlislIW s (59)

< Cr 7 (Wil + [|Wall) W1 — Walls (60)

Similarly, the Holder norm of F in A, can also be estimated using estimate i v, v, vi
and properties of Q:

[iF(Wa))] < Cr¥ 3T W )IslIW ]|
dt o B B

Combining both estimate and argue similarly as in the sup norm case, we obtain the
second inequality

IF(W1) — F(W2)ll0e < CUIWilIB + [IW2lIB)lIW1 — WallB
m
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Now we shall apply Lemma 11 to check the properties of the operator U. The first
inequality in Lemma 11 and Theorem 9 tell us that the image U/ (W) € B whenever
W € B. So we have

U:8B- -8

The next step is to suitably choose the constant A such that /(W) € K whenever
W € K. By Theorem 9, for any W € /C, the solution U (W) satisfies

AWl = Ky (IIF Wl o + 1Ty Hllcaean) )
<K (K2||W||%3+ ||HJH||CM) (by Lemma 11)

<K (K2A2||1'IJH||2C2.Q n ||nJH||C2,a) (by properties of K)
If [|TT; H|| 2« < 1, we want to find A satisfying the following inequality
UW)15s < Kr (K2 AWMLy HIZa +11TL H g2 ) < Al Hllgre
This is equivalent to solving the quadratic inequality of A, that is
K1 K2 A%\ H|| 2w — A+ K1 <0

If we let A = 2K, then the inequality above is true as long as

[Ty Hl|c2e =

4K7K>

The final step is to show that{/ is a contraction mapping in /C. Let ® = U (W)—U(W>),
where W1, W, € K, then @ satisfies the boundary value problem

L® = F(W)) — F(W2) onC¥ (61)
;=0 onM (62)

Applying Schauder estimate from Proposition 3 and the second inequality in Lemma
11, we have

(W) — UMW) = 1PlIB (63)
= cllF(W) — F(W2)l| e (64)
< (IWillg + [IW2lIp)[IW1 — W2llB (65)
< 2AC Ty H 20 |IWh — W28 (66)
= 4K\ [Ty H 2 |[IW1 — W2l|B (67)
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Now if [[ITy H||c2.« < € := min{1, 1/(4K1K22), 1/(4Kc’)} then U is a contrac-
tion mapping from /C to itself. The contraction mapping principle then says that there
exist a unique fix point ® € K forUf i.e. L& = F(®) = —Q(®/r, V1D, (V)2 D),
hence @ solves Mg (®) = 0. Moreover it satisfies the estimate

[[®ll5 = ATl H||c2.

We summarize the result as follow

Theorem 12 Let M"~! be a smooth minimal submanifold in S"t*~' and C be cone
over M. Given « € (0,1), v > 3 and J > 1 such that Ry; < v < Ryjiq,
then there exist positive constants A and € (depending only M, n, k, v, o) such that
corresponding to any H € C>*(M) with ||T1; H| lc2e(pr) < €0 there exist a solution
o e Cg"" (C¥; NC) to the zero mean curvature operator equation (2), i.e.

Mg (®) =0o0nCy,
with boundary condition

;o =I1;Hon M
Moreover, such ® also satisfies the estimate

191l 2 ey < AITL Hllc2eqary

=
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